This paper reports some new results in relation to simplicial algorithms considering continuities of approximate fixed point sets. The upper semi-continuity of a set-valued mapping of approximate fixed points using vector-valued simplicial methods is proved, and thus one obtains the existence of finite essential connected components in approximate fixed point sets by vector-valued labels; examples are given to show that this is very different from the property for integer-valued labeling simplicial methods. The existence of essential sets is also proved focusing on both perturbations of domains and functions.
Introduction
Naturally, designing algorithms to compute a Brouwer fixed point is also important field. It is well known that Sperner's lemma became a simple tool for the proof of the existence of Brouwer fixed points. Based on Sperner's lemma, simplicial algorithms continue to spring up after the excellent work by Scarf [] , such as Kuhn's algorithm [, ] , the restart algorithms [-], variable dimension algorithms [] , and homotopy algorithms [, ] . For simplicial algorithms, one frequently finds a complete labeled sub-simplex (full labeled sub-simplex) in a simplex to approximate a fixed point. Two common labels are integervalued and vector-valued. Given a fixed grid size, it is well known that the approximate degree of a complete vector-valued sub-simplex to fixed points is better than the other. Is there any difference between the stability of these algorithms? Is a complete labeled subsimplex able to resist the perturbation of functions or simplices? This paper will focus on these problems.
The stability of fixed points has attracted much attention. After the seminal work for essential fixed points of continuous functions (Brouwer type fixed points) in [] , essential components and essential sets of fixed points were introduced [, ] . From the view point of stability, as the analogs of singletons, minimal essential sets seem to be good choices [] . Essential stabilities (which are related to lower semi-continuity) were used to analyze many problems, such as coincidence points [ In fact, when a simplicial algorithm is in order, we must face approximate fixed points as the grid size shrinks. By employing the essential stabilities, this concerns the stability of approximate fixed point sets using simplicial methods under the perturbation of the corresponding functions and domains. We show that there is a significant difference between vector-valued simplicial methods and integer-valued methods. The upper semicontinuity of a set-valued mapping for approximate fixed points using vector-valued labeling is proved. The existence of finite essential connected components of approximate fixed point sets is also proved for vector-labeled simplicial methods. These results are new. We recall some definitions involving simplicial fixed point algorithms. Given the grid size  q , the standard triangulation of S is the collection of all sub-simplices σ (y  , π) with vertices y  , . . . , y n+ in S such that:
Preliminaries and motivations
Note that the mesh of the standard triangulation of S with the grid size
if n is odd or even, respectively. For a function f ∈ C(S), a point x in S is labeled an integer l(x) ∈ I n+ where l(x) = i if
Particularly, if f (x) = x and x  = , then assign the label of x as the first index i such that x i > , i ∈ I n+ . We call l : S → I n+ a standard integer-valued labeling function. Given the mesh of a standard triangulation on S, from Sperner's lemma, there exists at least one sub-simplex with complete integer labels (completely labeled simplex, with the meaning of vertices of the sub-simplex with totally different labels).
where , q) ) the collection of all sub-simplices with complete integer-valued (vector-valued) labels in S, then we define a set-valued mapping from C(S) to S with F(F ) : C(S) →  S , in addition, for convenience of notation, we write
is an approximation of fixed points of f on S. In addition, from the connectedness, F(f , q) (F (f , q)) can be decomposed as i∈ C i with C i ∩ C j = ∅ for any i = j, and C i , ∀i ∈ is a connected component.
There are significant differences in relation to semi-continuities between F and F , and the following example shows that the set-valued mapping F is not upper semi-continuous on C(S); further results will be demonstrated in Section . , we have
Then the corresponding integer labels using f n for each n = , , . . . is the same as
We can calculate that
upper semi-continuous on C(S), hence, the graph of F is not closed. In fact, clearly, F is also not lower semi-continuous.
For each f ∈ C(S), denote by Fix(f ) the fixed point set of f on S. Note the fact of Example . about F, the following definitions consider a kind of description for stability of F and subsets of Fix(f ).
Definition . Given the grid size
Definition . Let f ∈ C(S), e(f ) be a closed subset of Fix(f ). We call e(f ) an approximate essential set if for each ε neighborhood B(e(f ), ε) of e(f ), there exists a δ >  such that, for each f ∈ C(S) with f -f < δ, we can find a number Z, such that , the graph of the set-valued mapping F ,
We need to show that x  is a point of a complete sub-simplex σ f  with vector- 
there is a sequence, being its convergence subsequence, that, without loss of generality, we also denote it by {y 
Then we have a point
is definitely a sub-simplex in the triangulation of S given the grid size 
Then, for each n = , , . . . , the vector-valued labels for the sub-simplex σ using f n is
hence, the right-hand side of the equation 
. , that is, F is not lower semi-continuous on C(S).
From Theorem ., the set-valued mapping and Definition ., we can obtain the following generic stability result.
Corollary . Given a grid size  q , there exists a dense residual set Q in C(S) such that for each f ∈ C(S), each point in F (f , q) is essential with respect to C(S).

Theorem . Given a triangulation of S with a grid size  q , for each f ∈ C(S), there exist finite essential connected components in F (f , q) with respect to C(S).
Proof From Theorem ., the set-valued mapping F is upper semi-continuous on S. Then the set F (f , q) itself is an essential set with respect to C(S). Let denote the collection of all essential sets in F (f , q). Note that each decreasing chain in with the set inclusion order has its intersection as a lower bound. Therefore, there exists a minimal element e(f ) in , which is an essential set in F (f , q). Hence, it is clear that each connected component C with C ⊃ e(f ) is an essential connected component by Definition .. Then the remaining problem is to show that each e(f ) is connected.
If 
). Routinely, we can check that f -f < ε, this means that there is at least a point
, then the labels for the sub-simplices' vertices in W i using
Finally, from the finiteness of the complete labeled simplex in S, the result follows.
The following result shows that essential connected components under the grid size  q can be close to an approximate fixed point set as q tends to infinity. Proof Since {C q } is a sequence in K(S), where K(S) is the collection of nonempty compact subsets of S, from the compactness of S, there is a subsequence {C q k } of {C q } with the limit
Theorem . Given a continuous function f ∈ C(S), for each grid size
We denote the subsequence just as {C q } for convenience. For each
there is a sequence {x q } with x q ∈ C q and x q → x  . For each ε > , since f is continuous, there exists a number N such that, for each sub-simplex σ f in the triangulation of S under the grid size  N , we have
. Then we can find a large enough q such that the following inequality holds:
Therefore, we assert that Finally, we show that C  is an approximate essential set of Fix(f ). If not, then there exists aε >  and f j (j = , , . . .) with f j → f , such that for each number q,
Stability results under perturbations of simplices and functions
In order to analyze the perturbation of domains, let X ⊂ R n+ be a n dimensional com-
From the definition of ρ, one needs only the proof of the necessity. Let ρ(S  , S  ) = , then there existsπ such that
Concerning a stability analysis of approximate fixed points, we intend to restrain domains to avoiding a domain perturbed in a large-scale range. Let be an n dimensional subset of a compact set
Proof Take 
Let P be the set of pairs (f , S) such that
Given a grid size  q , for each u = (f , S) ∈ P, let T(u, q) be the set of all sub-simplices with complete vector-valued labels with the function f in the triangulation of S under the grid size  q , then we define a set-valued mapping T from P to X. Similar to Definition ., we consider the essential stability of approximate fixed points under both perturbations of functions and domains. Remark . Theorems ., . and Theorem . obtain the stability for approximate fixed points with simplicial methods. From the point of applications, this may facilitate the stability analysis of equilibrium problems, such as Nash equilibria and ε-approximate Nash equilibria.
